
HW 4 SOLUTIONSProblem 1a) The position vetor of our partile in terms of t and our generalized oor-dinate � is, taking the enter of the ring to be the origin and identifying 
tas our azimuthal angle and � as a ousin of the usual polar angle in spherialoordinates,r(�; t) = (Ros(
t)sin(�); Rsin(
t)sin(�);�Ros(�)) (1)so taking a time derivative and a dot produt yieldsT = m2 R2( _�2 + 
2sin2�) (2)Combining this with the usual V = mgR(1� os�) yieldsL = m2 R2( _�2 + 
2sin2�)�mgR(1� os�) (3)b)We have �L�� = �mgRsin� +mR2
2sin�os� (4)ddt �L� _� = mR2�� (5)so by the E-L equations the equilbrium ondition �� = 0 is equivalent toR
2os�sin� = gsin� (6)Note that we do not divide both sides by sin� sine sin� might be 0. In fat,� = 0; � satisfy (6) and hene give us two equilibrium points. If � 6= 0; � thenwe may divide (6) by sin� to get the following equation for an additionalequilibrium point �0: os�0 = gR
2 (7)whih has a solution (other than 0 or �) if and only ifgR
2 < 1, 
 > qg=R � 
rit (8)1



)We onsider our equilibirum points one at a time.i)� =0For � � 0 = � << 1, we have up to order �2sin� � � (9)os� � 1� �2=2 (10)so plugging these into L givesL = m2 (R2 _�2 +R2
2�2)�mgR�2=2 = mR=2[R _�2 + (R
2 � g)�2℄ (11)so this equilibrium point is unstable if R
2 > g. Physially, this just meansthat if the hoop is spinning fast enough and one slightly displaes the beadfrom the bottom, entrifugal fores will overome gravity and pull the beadoutward, and hene upward.ii)� = �Now we have to expand around �. We haveos� � os�j� + dd�os�j�(� � �) + d2d�2 os�j�(� � �)2 (12)= �1 + 12(� � �)2 (13)sin� � sin�j� + dd�sin�j�(� � �) + d2d�2 sin�j�(� � �)2 (14)= � � � (15)To lean things up a bit introdue � � �� �, the displaement from equilib-rium. This orresponds to setting our generalized oordinate to 0 at equilib-rium, as disussed in the text. In terms of �, we haveos� � �1 + 12�2 (16)sin� � �� (17)sin2� � �2 (18)So our Lagrangian is, noting that _� = � _�,L = m2 (R2 _�2+R2
2�2)�2mgR+mgR2 �2 = m2 R2 _�2+mR2 (R
2+g)�2 (19)2



where we have thrown out any onstants in the Lagrangian sine we knowthat they don't inuene the eqns of motion. We see that � = � is alwaysunstable sine the oeÆient of �2 in (19) is always positive. This makessense sine both the entrifugal fore and gravity at to pull the bead downfrom the top.iii)�0 = os�1( gR
2 )Here things get a little triky. We follow the exat same logi as above, butthe omputation gets a little hairier, and we won't present all the details. Tolean things up, introdue x � gR
2 = (
rit
 )2 and  � �� �0. Then we have,using sin(os�1(x)) = p1� x2os� � x�p1� x2 � x2 2 (20)sin� � p1� x2 + x � 12p1� x2 2 (21)sin2� � 1� x2 + 2xp1� x2 + (2x2 � 1) 2 (22)where (22) was obtained by very arefully squaring (21) and keeping all termsup to seond order. Plugging all this into the Lagrangian, we �nd that theterms linear in  anel (why should we expet this?) and we are eventuallyleft with L = onst + m2 R2 _ 2 + mR2 (2R
2x2 � R
2 � gx) 2 (23)Plugging in our de�nition of x, we �nd the oeÆient of  2 in (23) to be�mR2
22 (1 � g2R2
4 ) whih is always negative (the expression in parenthesesnever beomes negative itself beause this equilibirum point only exists whenx < 1 whih is equivalent to the expression in parentheses being positive).Thus this equilibrium point, when it exists, is always stable.Problem 2For the driven HO, we have L = T � V + F (t)q (24)and sine we have no onstraints at all, let alone time-dependent ones, theresult of Problem 1 of HW 3 applies and we haveH = 2T � L = T + V � F (t)q 6= T + V = E (25)3



For the pendulum of hanging length we have, using r(t) = (l(t)sin�;� l(t)os�))(where the origin is at the pivot of the pendulum),L = m2 (l2(t) _�2 + _l(t)2)�mgl(t)(1� os�) (26)so H = _��L� _� � L = m2 (l2(t) _�2 � _l(t)2) +mgl(t)(1� os�) (27)whih an't be the energy sine the _l(t)2 term has the wrong sign.Problem 3If ! is the frequeny when m1 is held �xed then, using the fat that ! =qk=m2 , k = !2m2 we havewm2fixed = qk=m1 = !qm2=m1: (28)One an derive this more formally by writing down the Lagrangian in bothases and inluding only the kineti term for the mass whih isn't �xed.Now, if both masses are free we then have 2 degrees of freedom, one ofwhih will orrespond to the Center of Mass whih we will set to 0 and theother of whih will orrespond to the relative distane between the masses.More preisely, we write L in terms of the oordinates x1 and x2 of theindividual masses de�ned with respet to some originL = 1=2(m1 _x12 +m2 _x22) + k=2(x1 � x2)2 (29)and then introdue new oordinatesQ = 1m1 +m2 (m1x1 +m2x2) (30)q = x1 � x2 (31)where learly Q is the CM oordinate and q is the relative oordinate. Nowwe may assume that Q = _Q = 0; if not, we just move to the frame inwhih this is true (this will be another inertial frame sine the CM movesuniformly). Now, one an hek that_Q = 0) _x2 = �m1m2 _x1 (32)4



whih then implies that _q = _x1 � _x2 = (1 + m1m2 ) _x1: (33)Using (33) and (32) we an then rewrite L solely in terms of q and _q, yielding(after a little algebra)L = 12 m1m2m1 +m2 _q2 + k2q2 = �2 _q2 + k2q2 (34)where � � m1m2m1+m2 is known as the redued mass. Then we �nally have!free = qk=� = s!2m2( 1m1 + 1m2 ) = !s1 + m2m1 : (35)Problem 4Using Q = 12��, eqn (3.35) from the text, and the �rst order taylor expansion(1 + x)n � 1 + nx we have�� = � 11� 2� �vuut 14(12 � �)2 � 1 (36)� �(1 + 2�)�s 1(1� 2�)2 � 1 (37)� �1� 2��q(1 + 4�)� 1 (38)= �1� 2�� 2p� (39)Thus e�+t � e��t = e(�1�2�)t(e2p�t � e�2p�t) (40)= 2e(�1�2�)tsinh(2p�t) (41)�<<1� 2e�t(2p�t) (42)= 4tp�e�t (43)) D = 4p� (44)
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Problem 5a) For t > 0, we have �q + 2 _q + q = 1 (45)To �nd the genereal solution, we �rst note that q = 1 is a partiular solution.Then adding to that the known general solution to the homogeneous versionof (45) yields q(t) = Ae�t +Bte�t + 1 (46)Applying the boundary onditions q(0) = _q(0) = 0 yields A = B = �1, soq(t) = �e�t � te�t + 1 (47)b)First we write down a omplex EOM for a omplex oordinate q, the realpart of whih is the EOM we really want to solve:�q + 2 _q + q = eit: (48)Plugging in the ansatz q = Aeit and dividing out by eit yields�A + 2iA+ A = 1) A = �i=2 (49)so we have a partiular solutionqp(t) = Re(q(t)) = Re(� i2eit) = 12sint(50)giving a relative phase of �=4.)Again, the general solution to the inhomogeneous equation is the sum ofa partiular solution (like the one found above) and the general solution tothe homogeneous equation:q(t) = Ae�t +Bte�t + 12sint: (51)Applying our boundary onditions q(0) = _q(0) = 0 yields A = 0; B = �1=2so q(t) = 1=2(sint� te�t): (52)
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